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Abstract—We will study the problem of analyzing massive
data streams in the context of the dynamic network-centered
activities. Consider a network in which a time series activity
data stream is associated with each edge in a massive network.
Examples of such activities could include citation networks with
continuously changing edge values, such as road network traffic,
social network traffic, or email traffic. We introduce the problem
of link regression, which models the prediction of the future
stream values associated with a link from the history of all the
stream values associated with the different links. This problem
is a powerful generalization of both the large scale time series
prediction problem and the link prediction problems in network
analysis, each of which are known to be quite difficult in their
own right. The generality of this framework provides it significant
applicability for traffic analysis in road networks, congestion
analysis in communication networks, interest trend analysis and
bursty feature analysis in social networks. The problem is very
challenging because of its massiveness both in network size and
stream speed. We present an algorithm which uses streaming
graph partitioning in conjunction with predictive regression. We
present experimental results illustrating the effectiveness and
efficiency of the approach.

Index Terms—graph mining, data stream, regression

I. INTRODUCTION

This paper introduces the link regression problem, which
is defined as follows. Consider a network in which each link
is associated with a continuous variable, which is updated in
time. Thus, each link is associated with a time series data
stream variable. We would like to predict the values on the
links at some future period in time from the current history
of time series stream values. Some examples of relevant
applications are as follows:

¢ In a who-cites-whom citation network, the numbers on
the edges represent the number of times that one author
cites the other in a specified time period.

e In a co-authorship network, the numbers on the edges
represent the number of times that one author collaborates
with the other in the last time period.

o In road networks, the edges represent the road segments
between the different junctions (nodes). The real values
on the edges represent the traffic. Communication net-
work traffic can be modeled in a similar way. It may
be desirable to predict the traffic at a specific link (or
congestion regions) in the future.

o In social networks, the edges represent the friendship
links (or follower links), and the real values could rep-
resent the fraction of the messages (or tweets) which are
related to a specific subject of interest. At any given point
in the future, it may be desirable to predict the set of links
which are most related to a specific subject of interest.

Our formulation for the link regression problem is fairly
general, and two of its special cases are well known (and
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difficult) problems from the diverse domains of streaming
and social network analysis respectively. Specifically, the two
special cases are as follows:

o Large Scale Multi-variate Time-Series Data Stream
Prediction: In this problem [18], [23], [29], [30], [33], we
have a set of time series data streams, and it is desirable
to predict one of more values of the stream, based on
the past stream history. This problem can be modeled as
a link-regression problem on a graph in which all edges
are disconnected from one another.

o Link Prediction Problem: In this problem [3], [6], [9],
[15], [16], [19], [25], [27], we we wish to predict future
formation of links in the network. Thus, the approach
is a binary decision problem. Furthermore, a number
of temporal simplifications are typical. The prediction
is typically not specific to a particular instant in time.
Rather, the highest ranked node pairs are determined,
between which links are likely to form at any point in
the future. The model is typically not streaming either.
Such convenient simplifications are not available in the
case of the link regression problem.

Both the afore-mentioned problems are quite challenging in
their own right. For example, the works in [18], [22], [29],
[30], [33] deal with only hundreds or thousands of streams in
the simplified (non-structural) scenario. On the other hand,
realistic road networks, communication networks or social
networks may have edges which could number in the millions
or billions. Thus, the setting is more challenging not only from
the perspective of the incorporation of structural information,
but the typical scales of the problem in such domains are larger
by several orders of magnitude. The structural information can
however work both ways; while it increases the complexity of
the problem, it also provides useful hints for the regression
process. As is evident from problem of link prediction in
social networks, structural locality plays an important role
in prediction of edge values. In most reasonable applications
of this problem that we can envision, structural proximity is
also likely to play a key role. However, the correlations across
different edges with typically vary with problem domain and
data set; therefore, unlike the link prediction problem (in which
specific structural measures are hard coded), the structural
correlations between edges need to be continuously learned
from the past history of the incoming stream. Furthermore,
most applications of the link regression problem are quite
different from link prediction, in that the predictions in this
problem typically need to be made in real time in a fast
evolving stream scenario. Thus, the scale of the problem adds
to the complexity created by the use of structural information
in the modeling process. In general, the streaming setting is



known to be particularly difficult in the context of graphs [5].

This paper is organized as follows. The next section dis-
cusses a model for the link prediction problem. An algorithm
for link prediction is proposed in section 3. The experimental
results are presented in section 4. Section 5 contains the
conclusions and summary.

A. Related Work

The problem of multi-variate time series regression has
been studied widely in the stream mining literature [18], [29],
[30], [33]. Most of these methods use scalable multi-variate
regression analysis in order to predict the different stream
values from one another, and they do not use structural locality
for time series prediction. The problem of link prediction has
also been studied extensively in the data mining and machine
learning community [8]. Much of the relevant work on this
problem is based on defining proximity-based measures on
the nodes in the underlying network [2], [16], [17], [32]. The
work in [16] studied the usefulness of different structural and
topological features for link prediction. A second approach
is to study the problem in the context of statistical relational
models [1], [7], [10], [11], [13], [19], [24], [26], [31]. These
methods use content information at nodes, and are therefore
not relevant to our scenario.

The link prediction problem has also been studied more
generally in the context of the classification problem [6],
[15], since the link prediction problem can be considered a
classification problem in which features and class labels (cor-
responding to existence or absence of links) can be associated
with links to be predicted. In this paper, we will study the link
regression problem, in which the goal is somewhat different,
since it is desired to predict the quantitative values on the
links.

II. LINK REGRESSION MODEL

The temporal network 1is denoted by G(t) =
(N(t),A(t), X (t)) with node set N(t) and edge set
A(t). The set X (t) represents the streams associated with
the different edges. Each edge (i,j) € A is associated a
continuous series of real values z7’ ...z ..., where the
value xy’ is the value at the edge (i,j) at the tth discrete
clock tick. The granularity of the clock ticks may depend on
the application at hand, but it is generally assumed that it is
fine-grained enough to accurately capture the trends in the
underlying data streams.

One challenge with this problem is that the volume of the
incoming data may be very large. For example, in a network
containing a billion edges and a time-granularity of 1 minute,
a single day of stream data requires more than 10'2? values,
which is clearly beyond the capabilities of most commodity
hardware. In other words, the algorithms need to be online,
and be able to work with modest space for predictive purposes.
The link regression problem may be modeled as follows:

Definition 1 (Link Regression Problem): Given the temporal
activity network G(t.) = (N(t.),A(t.), X(t;)) at current
time t., predict the value z;’ on the edge (i,7) at future time
t.

This problem could be formulated in multiple ways, de-
pending upon the underlying application. For example, one
could formulate the problem in terms of finding specific edges

which satisfy certain threshold values. Some examples of
query variations, which can be resolved using link regression
are as follows:

« Determine all edges (i,7) for which the value of x}’ is
above a given threshold « at future time t.

o Determine all connected subgraphs formed by the subset
of edges (i,7) underlying edge values x;’ > « at future
time t.

Clearly, these queries can be resolved relatively easily, as
long as a method to solve the link regression problem is
available. In the next section, we will describe the NetRegress
approach, which performs link regression with the use of a
combination of structural and traditional regression analysis
in the streaming context.

III. THE NETREGRESS APPROACH

One well known method for streaming regression is the
SPIRIT approach [18]. This approach attempts to determine
the hidden variables from the underlying data stream, and
make predictions on this basis. However, the approach does not
use the network structure, and in fact does not scale well with
increasing number of variables. This is because the complexity
of Principal Component Analysis (PCA) increases at least
quadratically with increasing data dimensionality. It turns out
that the network structure is useful information, which can be
used in order to localize the regression process, and improve
both the efficiency and the quality of the results.

Broadly speaking, the NetRegress approach uses a number
of methods which are continuously performed over the data
in order to perform the prediction.

o Edge clusters are continuously maintained over the data
stream. These edges clusters are maintained on the basis
of structural locality. The edge clustering is allowed to
change periodically, as the clusters change over the data
stream.

o For each edge cluster, we continuously perform stream-
ing PCA. The idea is that edge clustering has already
localized the variables which are most relevant to the
prediction process. These are used in order to maintain
the hidden variables in the data stream. Note that this
structural localization decomposes the prediction process
into smaller subproblems. These smaller subproblems can
be more easily tackled since the size of the PCA matrix
is much smaller for each subproblem. Furthermore, the
relevant streams have been selected for each structural
locality. This makes the overall analysis much sharper.

¢ Auto-regressive methods are used to perform prediction
on the key hidden variables. These predicted hidden
variables are then converted back to the original stream-
ing values. The idea of performing prediction over the
hidden variables corresponding to the largest principal
components is that the noise effects are often removed,
and they are much easier to predict than the individual
values.

In this section, we will discuss each of these methods in detail.
First, we will introduce some further notations and definitions.

A. Maintaining Edge Clusters

The edge clusters are maintained using an approach which is
a modification of that discussed in [4]. The work in [4] uses



a structural reservoir sampling approach in which the edge
samples are used for the clustering process. One difference
with the method in [4] is that the work is designed for the
case of object streams, whereas we need to use it here for
the case of continuously arriving edge streams. It is important
to note that the clustering need not be perfect, as long as
it approximately groups the edges in the different localities.
The goal of the clustering is to group edges in different
dense localities together, since the edge values in a particular
structural locality are correlated with one another. In such
cases, it suffices to define a clustering which is based on
randomized sampling of the edges in the network. The clusters
on the nodes are defined in terms of the connected components
on the sampled edges. Then the node clusters are converted
into edge clusters over all edges.

Since the connected components in edge samples are known
to create weak clusters of densely connected nodes [14],
such an approach is an excellent strategy for localizing the
prediction process with the use of structural information. It
should be pointed out that the work in [4] is designed for
cases where the edges are unweighted, and may arrive at
random points in the stream. In this case, the edges have
weights denoted by z;’. However, in this case, we are only
interested in tracking structural locality on the basis of the
behavior of edges which have non-zero weight. These can
however be converted to the case, where x;’ > 0 corresponds
to an edge weight of 1, whereas z;’ = 0 corresponds to
an edge weight of 0. In some kinds of networks such as
road networks, the edges stay constant over time, whereas
in other kinds of networks such as citation networks, the
edges may vary considerably with time. Nevertheless, since
the values of z;’ are highly correlated with one another over
consecutive time stamps, the overall structure of the network,
which corresponds to edges with values of x;’ > 0 does not
change significantly with time. In our case, for the purposes
of structural clustering, we treat this as an edge stream in
which an edge appears only for the first time, that it changes
from z;” = 0 to 2’ > 0. This is our re-constructed structural
stream, which is useful for structural localization. Therefore,
the volume of the edge stream is quite modest, since each
edge changes exactly once from z;” = 0 to xy) > 0 for the
first time. This means that each stream element is distinct. The
total number of edges in this constructed stream is equal to
the number of distinct edges in the network. Note that such a
network stream would initially receive a large number of edge
elements during the construction phase, but would gradually
stabilize over the course of a larger time horizon. However,
the level of stabilization may vary considerably depending
upon the underlying application. For example, for a citation
network, new edges will always be constantly formed over
time at a steady-state rate. For a road-network on the other
hand, the “formation” of edges slows down, as the structure
of the mature network is learned with arrival of new edges.

A fast and online method is needed in order to create and
maintain the dense partitions in this evolving network. It is
well known that edge sampling [14] can be used to create
dense partitions. For example, a sample of edges from a stream
implicitly creates a set of clusters in terms of the connected
components in this sample. Such connected components are
much denser than randomly picked node sets in the graph,

because of the inherent bias of edge sampling [14]. In this
case, we also need to maintain certain structural properties,
such as ensuring a minimum number of points in each cluster,
or constraining the total number of clusters.

Furthermore, the approach needs to be adapted to the
streaming scenario. While reservoir sampling [28] can dy-
namically maintain an unbiased sample from a stream of
elements, it is not directly suited for structured graphs. In
our case, it is desired to determine an unbiased sample of a
structured graph, so that many natural and desirable structural
properties of the sample are maintained. For example, in the
case of our application, it is desirable for the clusters to be
relatively balanced. This goal is achieved with the help of a
monotonic set function of the underlying edges in the reservoir.
A monotonically non-decreasing (non-increasing) set function
is a function f(-) whose argument is a set, and value is a real
number which always satisfies the following property:

o If Sy is a superset (subset) of S, then f(S7) > f(S2)
The monotonic set function can be useful for regulating the
structural characteristics of the graph over a given set of edges.
In our specific case, we set the function value to the number
of nodes in the the largest connected component in edge set S.
This structural component is isolated for the analysis process.

Let D be a sorted set of edges. These edges can be added to
S only in sort order priority; in other words, an edge cannot be
included in a subset S, if all the elements which occur before
it in the sort order are also included. Clearly, the number of
such subsets of D is linear in the size of D.

Definition 2 (Sort Sample with Stopping Criterion): Let D
be a set of edges. Let f(-) be a monotonically non-decreasing
(non-increasing) set function defined on the edges. A sort
sample S from D with stopping threshold « is defined as
follows:

o All edges in D are sorted in random order.

o The smallest subset S from D among all subsets which

satisfy the sort-order priority is picked, such that f(.5) is

at least (at most) .
Such a set satisfies a minimality property. This means that
if the last added element is removed, then that set (and all
previous subsets) will not satisfy the stopping criterion. As
a practical matter, the set which is obtained by removing
the last added element is the most useful for processing
purposes. For example, if f(S) is the size of the largest
connected component, the stopping criterion determines the
smallest sample .S, such that the size of the largest connected
component is at least a user-defined threshold «. By dropping
the last edge (v, w) which was added to S, it is guaranteed that
the size of the largest connected component in S — {(v,w)}
is less than «. Correspondingly, a penultimate set for a sort
sample is defined as follows.

Definition 3 (Penultimate Set): The penultimate set for a
sort sample S is obtained by removing the last element in the
sort order of sample S.

In the case of a static data set, this is achieved by sorting
the edges in random order and adding them sequentially, until
the stopping criterion can no longer be satisfied. However,
in the case of a data stream, a random sample or reservoir
needs to be maintained dynamically, which is much more of
a challenge. Once edges have been dropped from the sample,
their sort order cannot be compared to new incoming edges.



Therefore, a fixed random hash function is used to impose
a sort order on the edges, and serve as a fixed landmark in
order to meaningfully compare the sort order of dropped edges
with respect to newly arriving edges. This hash function is
computed as a function of the node labels on the edge, and
does not change over the entire stream. The idea here is that the
hash function fixes the sort order among the edges throughout
the stream computation. For an edge (¢, 7) the hash function
h(i @ j) is computed, where ¢ @ j is the concatenation of the
node labels 7 and j. The use of a sort on a random hash
function value induces a random sort order on the stream
elements. A stopping criterion on the sorted set of edges
translates to a threshold on the hash function value. In other
words, it is desirable to determine the smallest threshold ¢,
such that the set S of edges which have hash function value
at most ¢ satisfy the condition that f(S) is at least (at most)
a. The key observation here is that the value of the threshold ¢
varies over the life of the data set, as more edges arrive, and a
smaller fraction of the edges in the stream need to be included
in the reservoir in order to satisfy the structural constraint. The
smaller fraction translates to lower hash thresholds. Therefore,
the stopping hash threshold is monotonic over the life of the
data stream. This implies that edges which are discarded will
never be relevant over the life of the data stream. This is crucial
to the correctness of the approach.

The maintenance algorithm is as follows. For each
incoming edge, the hash function is applied, and it is added
to the reservoir, if the hash value is less than the current
threshold. The addition of an edge will never result in
violation of the stopping criterion because of set function
monotonicity. However, the set may no longer be the smallest
sort-ordered set to do so. Therefore, edges may need to be
removed to make it the smallest sort-ordered set to satisfy
the stopping criterion. In order to achieve this goal, the edges
in the reservoir are processed in decreasing order of the hash
function value and removed, until the resulting reservoir
is the smallest possible set which satisfies the stopping
constraint. The corresponding hash threshold is then reduced
to the largest hash function value of the remaining edges in
the reservoir after removal. Therefore, the reservoir sample
update process, at current hash threshold ¢, incoming edge
(,7) and hash function g(-) is as follows:

Compute hash value g(i & j);

if g(i ®j) < qadd (i,5) to S,

Remove edges from S with largest hash value
until stopping criterion is met;

Reset threshold ¢ to largest hash-value in S;

The removal of edges may result in a reduction (or no
change) of the hash threshold in each iteration. The penul-
timate set derived from the sort sample is always used for
the purposes of maintaining the cluster partitions as the set
of underlying connected components. This approach contin-
uously creates the edge partitions in the network, which are
indicative of structural locality. These node partitions can be
used in order to create the local structurally clustered streams
which are used for the link regression process.

Algorithm MaintainStatistics
begin
repeat
Receive next edge (7, 7);
Update reservoir sample from next edge;
Update node clusters from updates in
reservoir sample;
Update edge clusters from node clusters
which have changed;
Update covariance matrix statistics;
until(end of stream);
end

Fig. 1. Overall Framework for Variable Maintenance

B. Hidden Variable Maintenance

In this process, we discuss the process of hidden variable
maintenance in each structural locality of the edge stream.
The hidden variable maintenance process uses PCA in order
to infer the key concepts in the underlying data stream. We
note that the reservoir samples induce a node partitioning on
the network. Specifically, the connected components in the
reservoir samples correspond to the node partitioned. Each
node will always belong to exactly one partition. If a node is
not present in the reservoir sample, it is assumed to be isolated.
The first step is to convert the node partitioning into an edge
partitioning. The first step is to find an appropriate assignment
for edges whose end points lie across clusters. The edges in
the data are of two types:

« Both the end points of an edge lie in the same cluster. In
this case, the edge is assigned to the cluster in which the
two end points lie.

o The end points of the edge lie in different clusters. In
this case, the edge is assigned to the smaller of the two
partitions. This is done in order to balance the edge
clusters in the network as much as possible. Maintaining
a balanced edge clustering is particularly useful for the
problem of link regression analysis.

This creates a set of edge clusters from the data. Since the
structural reservoir sampling approach maintains the node
clusters in online and incremental fashion, the edge clusters
are correspondingly updated, whenever the node clusters are
updated. It is relatively easy to update the edge clusters, by
updating the cluster membership only of edges, whose node
membership has changed.

At each instant, we maintain the dominant hidden variables
which characterize each edge cluster. Let F' be the set of
edges in a structural cluster containing d edges. For brevity, let
us denote the series variables on the edges in this structural
cluster by y!...y? Note that each y! corresponds to some
edge value 2!, The series variable y” contains the time stamp
values denoted by yi...y;. Then, a PCA-based method is
used in order to maintain the hidden variables at a specific
time stamp. The PCA method uses the covariance matrix of the
data in order to determine the hidden variables, and maintain
them in real time. Specifically, a d X d covariance matrix C
is maintained, in which the covariance value Cj; is equal to
the covariance between the streams y* and y7. This results in



a covariance matrix C.

The covariance matrix can easily be maintained incremen-
tally for a data stream. Note that the covariance between the
series 7 and y* can be expressed as follows:

Cov(y, 7F) = iyl yt Yyl Yivb
t t t

The computation of the above requires the maintenance of (i)
the d additive sums of the values of each variable in the stream,
(i) the d? additive sums of the pairwise products of the time
series values in the stream, and (iii) the number of clock ticks
which have elapsed so far. These can easily be maintained in
an incremental setting, by maintaining variables to which the
different values can be added.

The covariance matrix would be too large to maintain in
online fashion, if it were to be maintained for every pair of
streams in the data. This is because such a covariance matrix
would scale with the square of the fotal number of streams.
However, when the edges have been partitioned into clusters,
covariance matrices can be maintained for the different clusters
in a much more scalable way. The major challenge here is
that the edge clusters sometimes change during the course of
the stream computation. In such cases, some of the entries of
the covariance matrix are based on a relatively small number
of observations, when some of the nodes which belonged
to different clusters earlier now belong to the same cluster.
This is however not necessarily a problem, since most of the
covariance matrix can still be accurately estimated.

The matrix C' is positive semi-definite, and its eigenvectors
provide the key correlations among he different variables.
Specifically, the eigenvectors corresponding to the largest
eigenvalues are the most important ones for deciding the
important directions of correlation. The covariance matrix can
be diagonalized in order to determine the eigenvectors:

Cc=P.-D.PT (1)

Here the columns of P correspond to the orthonormal eigen-
vectors. The matrix D is a diagonal matrix containing the
eigenvalues. The eigenvectors corresponding to the largest
eigenvalues correspond to the key hidden variables in the
data. The eigenvectors need not be recomputed from scratch,
every time the covariance matrix is updated. This is because
the eigenvectors from covariance matrix in the previous time-
stamp, already approximate the optimal solution very closely.
Therefore, a few additional von Mises iterations [12] can
approximate the eigenvectors of the updated matrix very
effectively in most cases. This is true for the vast majority of
the time-stamps, where the dimensionality of the covariance
matrices do not change, and only the values in the covariance
matrix are updated. In many cases, where the covariance
matrix for a particular edge cluster does not change at all,
the corresponding eigenvectors do not need to be recomputed
atall.

Let el...eF be the k eigenvectors corresponding to the
largest eigenvalues. Each eigenvector e” has d components
corresponding to (ej ...e};). Then, the set of time-series in F’
can be projected in terms of these k eigenvectors in order
to summarize the large number of variables in F' into a
relatively smaller number of independent components. Then,

if the new hidden variable series be denoted by 21 .27, with
2" = (2] ...2]), we have:

d
q= yle 2
j=1

These new hidden variables correspond to an “aggregated”
representation of the principal components in the time series
in which the correlations across the different series have been
removed. The idea here is that since the correlations in the
data are already accounted for, by using principal component
analysis, this accounts for the structural relationships within
a specific locality F'. Subsequently, it is possible to use auto-
regression on the variables in z! ... z* in order to predict the
variables at the instant (¢ 4 1) with the use of auto-regressive
analysis. Since PCA has already accounted for correlations
across series, the autoregressive analysis can account for cor-
relations across time. Thus, the prediction implicitly uses the
predictions across different series as well as across different
time stamps.

Let 2] ...z{ ... be the values in the time series correspond-
ing to each of the hidden variables at times 1. ..¢. In the auto-
regressive model, the value of z is defined in terms of the
auto-correlations in the values in the last window of length p.
A linear function is used in order to perform the modeling:

p—1
Z1€+1 = Z Q; - Z;,I +Cc+ €41
i=0

A model which uses the last window of length p is referred to
as an AR(p) model. The values of the regression coefficients
ajp . ..ap,cneed to be learned from the training data, which is
the previous history of the time series. A set of linear equations
between the coefficients can be created, by using each time
stamp in the training data, along with its immediate history of
length p. When the number of time-stamps available is much
larger than p, this is an over-determined system of equations.
The coefficients ay, ... ap, c can be approximated with least-
squares regression, in order to minimize the square-error of
the over-determined system. This is a standard regression
modeling problem, which can be used in order to predict the
value of zj ; for each of the £ different principal components.
These methods can therefore be used in order to predict
the hidden variables at time ¢ + 1 from the variables in the
previous time periods. The overall process of maintaining the
different data structures for maintaining edge clusters and the
covariance matrices, which are required to maintain the hidden
variables are illustrated in Figure 1.

C. Final Prediction of Regression Values

Note that the aforementioned approach can be used in order
to predict the hidden variables at time ¢+ 1, which are denoted
by zf ;... zfﬂ These hidden variables can then be converted
back to the true values with the use of the k eigenvectors.
This can be achieved by observing that the hidden variables
intuitively represent weights along the different eigenvectors.
Therefore, the vector V(¢ + 1) of the d predicted values for
the d streams in F' is given by the following:

k

VE+1) =Y 2@ 3)

=1



This provides the predicted values for the d streams in F'. This
process is performed over each edge cluster, in order to yield
a comprehensive prediction over all streams.

IV. EXPERIMENTAL RESULTS

We present experimental results which illustrated the accu-
racy and efficiency of the method. The goal is to show that
our approach is significantly more effective, while retaining
competitive efficiency in spite of a more complex processing
mechanism.

A. Data Sets

We used real data sets drawn from DBLP, IMDB and Cora
respectively. The pre-processing of the data sets is described
below.

DBLP data set: The DBLP data set contained information
about papers and authors in four areas from 2000 to 2010.
There were a total of 179951 co-author edges. All papers were
sorted using the published year, and each co-author edge was
present in the data stream. The value on a co-author edge
was the number of publications in that year. The task of this
experiment is to read the publication information as a data
stream and predict the values on each of the edges at any
particular time in the future in real time.

IMDB data set: The problem formulation was similar to the
DBLP data set, since a co-acting data set is very analogous to a
co-author data set. The processing was a bit different in order
to account for the large cast sizes associated with each movie.
The IMDB dataset contained the information of movies and
actors in four genres from 1996 to 2005. One problem with
this data set was, that even a short film will have a long cast
of actors, most of whom are not very relevant. This results in
an extremely dense graph. For example, a single movie with
a cast size of 200, will result in approximately 20000 edges.
In order to reduce the density of the graph, we chose only
the top 3 actors and top 3 actresses in the list. This is also a
logical choice, since these actors are relatively better known
than others and have a greater chance to co-act with other
people. This results in 147562 edges.

Cora data set: The Cora data set is also a bibliographic data
set like DBLP. As in the case of the DBLP data set, the papers
were sorted in temporal order, and received in the form of a
graph stream. There are a total of 24961 authors and 19396
papers in the Cora data set. The value on an edge was the
number of publications in that year. The task on the data set
was to predict the values on each of the edges at any particular
time in future.

B. Performance Measures

We tested the approach for both effectiveness and efficiency.
The effectiveness measured in terms of the sum of squared
error of the prediction value. This is a natural measure to use
for regression analysis problems. If egj be the estimated value
on an edge, and the true value is e;;, then the SSQ error is
defined as follows:

$5Q =) (eij —€iy)? (4)
(4,9)
This is a standard measure which is used to compute the error
in many regression analysis problems.

We also tested the efficiency of the approach, since the
approach may sometimes be used in dynamic scenarios. For
the case of efficiency, we tested the number of edges processed
per second. In cases, where the processing rate was reported
over the progression of the stream, the last reporting time
window was used, whereas in cases where the processing
rate was reported for a particular parameter value, it is was
averaged over the life of the data stream.

C. Baselines

There are no known methods for performing the link
regression in the context of a network. However, there are
many methods which use regression analysis in order to make
predictions. These methods will be used as baselines by our
method. As baselines, we used a number of different methods,
which use the correlations between the values of the different
streams to make prediction:

1. We used a direct PCA-algorithm on the different edge
streams in order to make prediction. Note that PCA is able
to use the correlations in the values across the different edges
in the stream.

2. We used the SPIRIT [18] algorithm as the second baseline.
While SPIRIT is based on the same principle, it has a
number of features, which improve both its effectiveness and
efficiency.

D. Effectiveness

The main parameter used by the algorithm is the number
of partitions k. Unless otherwise indicated, the default value
of k was 12.

The effectiveness of the approach with stream progression
for the DBLP, IMDB and Cora are illustrated in Table I
(a) (b) (c) respectively. The stream progression in terms of
the number of edges is illustrated on the X-axis, whereas
the effectiveness is illustrated on the Y-axis in terms of
the sum of squared error. It is evident that the prediction
error of all three methods reduces with progression of the
stream. This is because more training data is available as the
stream progresses, and therefore the accuracy improves. In all
cases, the NetRegress approach performs superior to the two
baseline methods. Furthermore, the SPIRIT method performs
superior to the PCA technique. This is because SPIRIT is
better optimized than a simple application of PCA to temporal
regression analysis.

The effectiveness of the approach with increasing number
of partitions for the DBLP, IMDB and Cora data streams are
illustrated in Table I (d) (e) (f) respectively. Since the other
schemes do not use the number of partitions as a parameter,
the performance is shown as a horizontal line for those cases.
For the case of the NetRegress approach, it can be seen that
the error initially reduces with increasing number of partitions
and then increases in both data sets. This is because when a
small number of partitions is used, then the full advantage of
structural locality is not leveraged. Each partition has too many
nodes, and structural locality plays a much smaller role. On
the other hand, if the number of partitions is too large, then
there is are not enough number of nodes in each partitions in
order to yield statistically robust results. Therefore, the best
trade-off is usually achieved in the middle of the range. In
both data sets, the NetRegress approach performs better than
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the other baselines over most of the range, and in fact over
the entire range in the case of the IMDB data set. The average
performance of the two baselines are shown as horizontal lines,
since they are not dependent on the number of partitions.
The SPIRIT approach performed better than the PCA method,
and this is consistent with our observations from the previous
charts.

E. Efficiency Results

We also tested the efficiency of the different methods, over
different choices of parameters. The efficiency with respect to
stream progression for the DBLP, IMDB and Cora data sets
are illustrated in Table II (a) (b) (c) respectively. The parameter
k was set to its default value of 12. The stream progression is
illustrated on the X -axis, and the average edges processed per
second are illustrated on the Y-axis. The rate of processing
of the NetRegress approach seemed to vary quite a bit over
the progress of the stream. This was because of the drastic
changes that occur in the partitioning over time, which results
in varying number of nodes over the different partitions. Since
the distribution of the nodes across the different partitions
directly impacts the efficiency, this is reflected in the vary-
ing processing rate over time. Nevertheless, the NetRegress
approach was at least competitive to both baseline algorithms,
and is almost always more efficient than the PCA method. This
is a very high level of efficiency, considering the fact that the
superior effectiveness of the NetRegress approach is achieved
by a more complex link-based mechanism in processing.

The efficiency of the approach with increasing number of
partitions for the DBLP, IMDB and Cora data sets is illustrated
in Table II (d) (e) (f) respectively. The other baselines are

represented as horizontal lines in these figures, since they
do not depend upon the number of partitions. It is evident
that an increasing number of partitions slows down the Ne-
tRegress approach. This is because of the larger overhead and
computations, when a larger number of partitions are used.
In these cases, the algorithm seems to be linearly scalable
with the number of partitions. When the NetRegress approach
uses a smaller number of partitions, it is significantly more
efficient than both baselines. It should be pointed out that the
NetRegress approach can achieve greater effectiveness, when
5 or 6 partitions are used. Excellent efficiency is also achieved
within this range. Therefore, the NetRegress approach is able
to simultaneously achieve a high level of effectiveness and
efficiency.

V. CONCLUSIONS

In this paper, we presented a new problem known as link
regression, which can be considered a generalization of both
the stream regression analysis and link prediction problem.
This problem is very challenging because of its generality in
the context of a networked streaming scenario. We presented
a regression approach which was based on structural reservoir
sampling, which implicitly sparsifies the network for further
analysis. Our results show that our approach achieves a greater
level of effectiveness than competitive baseline methods which
can be adapted to this problem.
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